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We investigate the rotation effect of the RuO6 octahedron around the c axis on the
topological and transport properties near the surface of the spin-triplet superconductor
Sr2RuO4. While the Fermi level of bulk Sr2RuO4 is near the Lifshitz transition, the RuO6
rotation realized near the surface leads to the change of the Fermi surface topology. The
edge current resulting from the time-reversal symmetry breaking in the chiral p-wave
phase with fully opened excitation gap is less affected around Lifshitz transition. The
topological property and the edge state are sensitive to the rotation angle and the
amplitude of the nearest neighbor interaction, and the superconducting gap is strongly
reduced in the larger next nearest neighbor interaction region. Although the edge state
in Sr2RuO4 is topologically protected, it is not robust to the disorder such as impurity
or defect.
1. Introduction
The transition metal compound Sr2RuO4 has attracted much interest due to the
discovery of the unconventional superconductivity.1–3) µSR experiments suggest a time-
reversal symmetry breaking superconducting state4) and the Knight-shift in the NMR
experiments is compatible with spin-triplet Cooper pairing.5) The leading candidate of
the superconducting order parameter has the so-called chiral p-wave symmetry, repre-
sented as
d = ∆0zˆ(kx ± iky), (1)
∗imai@phy.saitama-u.ac.jp
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which is the two-dimensional analog of the Anderson-Brinkman-Morel (ABM) state of
3He superfluid.6) There exists a full energy gap and orbital angular momentum Lz = ±1
of the Cooper pairs along the z axis. The two angular momentum states, kx ± iky, are
degenerate, which can lead to the formation of domains. Both domain walls and surfaces
of the material host the local subgap states. Although the spontaneous appearance of
supercurrents is expected based on theoretical arguments,7–9) scanning Hall probe and
scanning SQUID microscopy experiments give negative results.10–12)
Sr2RuO4 has a K2NiF4-type lattice structure whose space group belongs to I4/mmm
and shows strong two-dimensional anisotropy. It is well known that the low-energy
electronic properties are dominated by the Ru 4d t2g-orbitals, which generate three
cylindrical Fermi surfaces, the α, β and γ Fermi surfaces.13) While the α and β bands
consist of the Ru dyz and dzx orbitals mainly and have essentially one-dimensional hole-
like and electron-like characters, respectively, the γ band originates from the dxy orbital
and has two-dimensional electron-like structure.
In previous papers, we discussed the magnetic and transport properties near the
edges and the topological nature by means of the multi-band tight-binding model to the
ribbon-shaped system.14, 15) In the chiral p-wave phase, in addition to the supercurrent
near the edges due to the time-reversal symmetry breaking, the spin-orbit interaction
generates also a spin current resulting from the α-β bands. Since there exists the almost
flat subgap state originating from the α-β bands at low energy region, the weak repulsive
interaction easily gives rise to the spin polarization near the edges. The magnetic fields
generated from the charge current and the spin polarization have similar amplitudes
with opposite sign, which leads to the suppression of the spontaneous magnetic field.
This is a possible way to explain that the discrepancy between the theoretical and the
experimental studies concerning the presence of the edge current.
On the other hand, the topological property mainly depends on the two-dimensional
γ band. While the Chern number of the two (α-β) band model vanishes because the
α-β bands have electron and hole characters, respectively, which yields a cancellation
of the net Chern number, it has non-zero value in the three-band model which indicates
that the γ band is responsible for the topological property in Sr2RuO4. However, the γ
band is near the Lifshitz transition, which may be sensitive to the surface state. Early
Angle-resolved Photoemission Spectroscopy (ARPES) results indicated a hole-like γ
band,16) while later experiments confirmed an electron-like Fermi surface, consistent
with de Haas-van Alphen measurements.17)
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Recently, Wang et al.18) studied the pairing mechanism of Sr2RuO4 by means of
the functional renormalization group technique, so that the superconducting gap in
the chiral p-wave phase becomes smaller due to the contribution of the next nearest
neighbor interactions, which leads to the weakness of the topological superconducting
phase against disorder.
The surface reconstruction that doubles the unit cell in Sr2RuO4, affecting par-
ticularly the dxy orbitals, has been reported, which complicates the topology of the
superconducting phase on the γ band. Near the surface of Sr2RuO4 the rotation of
the RuO6 octahedron along the c axis occurs with the doubling of the unit cell with
p4gm plane group symmetry, and the rotation angle θ is 9 ± 3◦19) and 7.46◦20) at the
surface. The rotation effect reduces the hopping amplitude between dxy orbitals which
may affect the physical properties.
In this paper, we investigate the effect of the surface reconstruction on the topo-
logical and transport properties by using the density functional theory and the lattice
fermion model with the γ band and the attractive interaction between the nearest and
the next nearest neighbor interactions. We discuss the interplay between the doubling
effect of unit cell and next nearest neighbor interaction.
This paper is organized as follows. The detailed electronic structure is obtained by
the density functional theory in next section. We construct the effective Hamiltonian
with lattice fermion model, and discuss the transport and topological properties in Sec.
3, Summary and discussions are given in Sec. 4.
2. Ab initio electronic structure of Sr2RuO4 near the surface
In this section, we investigate the realistic electronic structure of tetragonal and the
doubling of unite cell systems of Sr2RuO4 by means of the WIEN2k package
21) with
density functional theory (DFT) based on the full-potential linearized augmented plane-
wave (LAPW) method where the calculations are performed using the generalized gradi-
ent approximation (GGA).22) For the lattice constants the same values of the tetragonal
structure (space group I4/mmm)23) are employed. The muffin-tin (MT) sphere radius
RMT is give by 1.95 for Ru, 2.3 for Sr and 1.68 for O, respectively. RMTKMAX = 7 where
KMAX is amplitude of the largest K vector in plane wave expansion.
The similar ruthenium compound Sr3Ru2O7 which shows no ordering down to low
temperature region and the Fermi liquid behavior24) has the rotation of the RuO6
octahedron around the c axis in the whole system.25) Although in contrast to Sr3Ru2O7
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Fig. 1. (Color online) Band structures obtained from first principles calculation in the normal phase;
(a) Tetragonal lattice (space group I4/mmm). The dashed line stands for the γ band. (b)-(d) Doubling
of the unit cell with the rotation angle θ = 0, θ = 5◦ and θ = 10◦ around c axis.
case, the rotation of the RuO6 octahedron in Sr2RuO4 appears only near the surface,
we employ the lattice structure with the rotation of the RuO6 octahedron not only at
the surface but also bulk material, for simplicity. Since Sr2RuO4 has the strong two-
dimensional anisotropy, the electronic state has also two-dimensional character and is
almost independent of that of other layers. Thus the surface electronic state can be
captured within this treatment.
Figure 1 shows the band structures in the normal state from the first principles
calculation for several choices of the rotation angle around the c axis. The result of
the rotation angle θ = 0 (Fig. 1 (b)) is identical to that of the tetragonal lattice with
space group I4/mmm (Fig. 1 (a)), and N point in Fig. 1 (a) corresponds to X point in
Fig. 1 (b). Compared with the number of the bands in Fig. 1 (a), there are twice the
number of the bands in Fig. 1 (b)-(d) due to the doubling of the unit cell. Our result is
consistent with the result from Veenstra et al.20)
In Fig. 1 (a) near N point, the γ band is slightly above the Fermi level where the γ
band lies near the van Hove point (N point). With increasing the rotation angle θ, the
topmost position of the γ band near N point shifts to lower energy region, and touches
the Fermi level at θ ∼ 5◦ and is below the Fermi level at θ = 10◦. In Figs. 1 (b)-(d) these
band structures along Γ to R are almost similar to those along Γ to M, which indicates
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that the strong two-dimensionality remains even with the finite rotation of the RuO6
octahedron. Note that the obtained band for θ = 10◦ has an electron-like pocket near
Γ point, which contains the component of Ru 4d eg orbitals and is especially similar
to that of Sr3Ru2O7.
26) This result indicates that the Lifshitz transition occurs near
the surface due to the rotation of the RuO6 octahedron where the topological property
may be different from the bulk one because the topological number may be considered
separately for each layer due to the strong two-dimensionality.
While the rotation of the RuO6 octahedron does not affect the Fermi surface topol-
ogy of the α-β band (and its folded one), that of the γ band is sensitive to the rotation
angle. In the next section, by means of the lattice fermion model which describes the
γ band, we investigate the topological and transport properties systematically in the
spin-triplet superconducting phase.
3. Study with Lattice Fermion Model
3.1 Effective model
Lattice fermion models are suitable for the description of physical properties for
many strongly correlated materials. Thus we construct the effective model with the
lattice fermion model to discuss the effect of rotation of the RuO6 octahedron on the
physical property in the superconducting phase. The model consists of the kinetic energy
and the interaction terms.
Topological aspects are closely connected with the presence of surface states follow-
ing from the bulk-edge correspondence.27, 28) Thus we employ the ladder-type system
which enables us to access the properties near the edges more easily, where open bound-
ary conditions in y-direction, generating edge states, are taken into account. Figure 2
shows the lattice ribbon structure with L legs, leading to edges at l = 1 and l = L.
Assuming periodic boundary conditions between the leg l = 1 and l = L would yield a
two-dimensional bulk system.
The kinetic energy is composed of the two-dimensional tight-binding model de-
scribing the γ band resulting from the dxy orbitals, since the topological property is
independent of the presence of the α-β band.15) The dxy orbitals, whose structure sug-
gests the hopping matrix elements t (t′) and the attractive interaction Ua (Va) between
nearest neighbor (next nearest neighbor) sites. The latter is introduced to generate the
superconductivity and both magnitudes are negative. Note that we neglect the electron-
like Fermi surface pocket near Γ point originating from the eg orbital, which appears
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Fig. 2. Lattice structure with the number of legs L. t (t′) stands for the hopping amplitude between
nearest (next nearest) neighbor lattice sites. Ua (Va) represents the attractive interaction between
nearest (next nearest) neighbor lattice sites.
for θ ≥ 7◦. In the present study we concentrate the effect of the Fermi surface topology
from the γ band.
The effective Hamiltonian is written as
H = HK +Hint, (2)
HK = −t
∑
ilσ
(
c†ilσci+1lσ + c
†
ilσcil+1σ + h.c.
)
−t′
∑
ilσ
(
c†ilσci+1l+1σ + c
†
ilσci−1l+1σ + h.c.
)
−µ
∑
ilσ
nilσ,
Hint = Ua
∑
ilσσ′
(nilσni+1lσ′ + nilσnil+1σ′)
+ Va
∑
ilσσ′
(nilσni+1l+1σ′ + nilσni−1l+1σ′) , (3)
where cilσ (c
†
ilσ) is the annihilation (creation) operator for dxy electrons on the site i,
the leg l with spin σ (=↑ or ↓). nilσ = c†ilσcilσ represents the number operator.
The energy dispersion for the non-interacting (Ua = Va = 0) two-dimensional bulk
system with the periodic boundary condition along the x and y directions is depicted
in Fig. 3 (a), which roughly reproduces the γ band in the DFT energy dispersion (Fig.
1). With increasing the chemical potential for the single band model, the Fermi surface
topology changes at µ = 1.4t (≡ µc) for t′ = 0.35t shown in Fig. 3 (b), in which
6/17
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Fig. 3. (Color online) (a) Non-interacting energy dispersion in the bulk system obtained from the
single band tight-binding model at t = 0.35t′. The inset shows the magnification near N point where
the black, red and blue lines represent the Fermi level for the several choices of µ. (b) Fermi surface
for the several choices of µ.
the Fermi surface yielded by the shift of the chemical potential qualitatively describes
that topology in the system with the rotation of the RuO6 octahedron. The topological
properties do not depend on the details of the band structure, but only on the Fermi
surface topology and the band structure is not sensitive to the presence of the RuO6
rotation except Γ and M points. In the present treatment instead of considering the
RuO6 rotation effect directly, we incorporate the rotation angle through the increase of
the chemical potential in our lattice model ignoring the doubling of the unit cell, for
simplicity.
The BCS-type mean-field approximation is applied to the attractive interaction term
to generate the spin-triplet superconducting state, so that the gap functions are defined
as
∆xl =
1
2
(〈cil↑ci+1l↓〉+ 〈cil↓ci+1l↑〉) , (4)
∆yl =
1
2
(〈cil↑cil+1↓〉+ 〈cil↓cil+1↑〉) , (5)
∆+l =
1
2
(〈cil↑ci+1l+1↓〉+ 〈cil↓ci+1l+1↑〉) , (6)
∆−l =
1
2
(〈cil↑ci−1l+1↓〉+ 〈cil↓ci−1l+1↑〉) , (7)
which represents in-plane equal-spin pairings.
While the gap functions are defined as eqs. (4)-(7), ∆αl (α = y,+,−) is not sym-
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Fig. 4. (Color online) Gap functions as a function of leg l for two choices of Va near an edge for
µ = 1.3t.
metric with respect to the center of ribbon (l = L/2). Thus it is redefined as
∆′αl =


∆αl /2 (l = 1)
∆αl−1/2 (l = L)
(∆αl−1 +∆
α
l )/2 (otherwise)
. (8)
3.2 Superconducting state
The order parameters are determined self-consistently for Ua = −2t and t′ = 0.35t
at absolute zero temperature. Since this amplitude gives rise to large amplitude of the
gap function, the coherence length becomes short, i.e., only a few lattice constants.
Hence, the number of legs L = 100 is sufficient to ensure independent edge states at
the two edges and the ribbon center displaying essentially bulk properties.
First let us discuss the superconducting order parameters depicted in Fig. 4. Apart
from the vicinity of the edges, the real and imaginary parts of the gap functions have
relative phase difference (pi/2) and the same amplitudes, as follows ∆y = i∆x and
∆− = i∆+ with the angular momentum Lz = +1. The latter is satisfied for the finite
Va, where the gap functions between nearest and next nearest neighbor sites have same
chirality. Thus we find that the most stable pairing state has the chiral p-wave form
with d = zˆ(kx + iky) for Va = 0, and d = ∆zˆ(kx + iky) + ∆
′zˆ{(kx + ky) + i(−kx +
ky)} for Va = −1.8t avoiding nodes in the excitation gap in a wide region of µ with
arg (∆′/∆) = pi/4 in the bulk. Note that although the pairing state with the angular
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Fig. 5. Energy dispersions with open boundary condition along the y direction at low energy sector;
(a)-(d) Va = 0 and (e)-(h) Va = −1.8t for several choices of µ.
momentum Lz = −1 is degenerate energetically and corresponds to the time-reversed
state d = ∆zˆ(kx− iky)+∆′∗zˆ{(kx+ky)− i(−kx+ky)}, we discuss mainly the Lz = +1
state.
On the other hand, the y (x) component of the gap function is suppressed (enhanced
slightly) at the edge, which is attributed to the reflection of the Cooper pairs at the
edges because the y (x) component of the order parameter is odd under reflection at
the edges.
In order to study the low-energy edge states, we show the energy dispersions for the
ribbon model in Fig. 5. Note here that we always assume translational invariance along
the x direction where the Fourier transition only in the x direction is defined as
cilσ =
1√
Lx
∑
k
cklσe
−ikxi, (9)
where k stands for the momentum along the x direction. xi is the x coordinate of site
(i, l) and Lx is the number of the sites in the x direction.
The subgap states appear in the quasiparticle excited gap. Their spectrum shows
a strong linear dispersions at k ∼ 0 and/or ∼ ±pi, which are the chiral edge states
resulting from the γ band whereby each edge contributes one of the two chiral branches
which is topologically protected.
The chiral edge state crossing zero-energy shifts from k = 0 to k = ±pi around
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µ = µc, which indicates the Lifshitz transition of the γ band from electron-like (µ < µc)
to hole-like (µ > µc). For Va = −1.8t, there are three crossing points at the low energy
region slightly below µc (shown in Fig. 5 (f)). Compared with the Va = 0 case, since
the superconducting gap around k = 0 and k = ±pi is reduced in the wide range of µ,
the edge states may become rather fragile for larger Va region.
3.3 Currents near the edges
Here, let us discuss the transport property near the edges. The broken time-reversal
symmetry realized in the chiral p-wave superconducting phase generates the circular
current along the edges even without external field. The expectation value of the current
along the x direction is defined as
〈jˆ〉 =
〈
∂HK
∂k
〉
=
∑
σ
{
L∑
l=1
〈j(1)lσ 〉+
L−1∑
l=1
〈j(2)lσ 〉
}
, (10)
j
(1)
lσ =
1
Lx
∑
k
(2t sin k)c†klσcklσ, (11)
j
(2)
lσ =
1
Lx
∑
k
(2it′ sin k)
(
c†klσckl+1σ + c
†
kl+1σcklσ
)
, (12)
where Lx is the number of sites in the x direction. For the present single band model,
the spin index can be omitted in the current. Since j
(2)
lσ is not symmetric with respect
to the center of ribbon (l = L/2), we redefine it as
j
(2)′
lσ =


j
(2)
lσ /2 (l = 1)
j
(2)
l−1σ/2 (l = L)(
j
(2)
l−1σ + j
(2)
lσ
)
/2 (otherwise)
. (13)
The observable current is given as the summation of the current flowing at each leg.
The net current and the l-dependent current along an edge are given as
〈jˆ〉net =
L/2∑
l=1
〈j˜l〉, (14)
〈j˜l〉 = 〈j(1)lσ 〉+ 〈j(2)
′
lσ 〉. (15)
Figure 6 shows the l-dependent currents. With decreasing the distance from the
edge, the l-dependent current amplitude decreases monotonically. We stress that the
currents have monotonous change around µ = µc in both Va = 0 and Va = −1.8t cases.
The chirality switches at the Lifshitz transition and the carriers run in the opposite
direction in the edge state. However, at the same time the charge changes sign as well
10/17
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Fig. 6. (Color online) l-dependent currents for the various choices of µ near an edge; (a) Va = 0 and
(b) Va = −1.8t.
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Fig. 7. (Color online) Net current as a function of µ for several choices of Va. The dashed line stands
for µ = µc.
so that the charge current is always in the same direction.
The next nearest neighbor interaction enhances (suppresses) the l-dependent current
at l = 1 (otherwise) because the interaction enlarges the superconducting gap except
k ∼ 0 and k ∼ ±pi, which leads to the appearance of larger dispersive subgap bands.
However, the spatial dependence of the current varies only weakly as a function of µ,
because in the larger Va region, the superconducting gap around k = 0 and k ∼ ±pi is
suppressed for a wide range of µ and the subgap dispersion is insensitive to the change
of µ around µ = µc, shown in Fig.5.
The net edge current 〈jˆ〉net as a function of µ is displayed in Fig.7, defined in Eq.(14).
The variation of 〈jˆ〉net as a function of Va is large for µ < µc, while in the range µ > µc
we find only moderate dependence on Va. It is also obvious that there is not dramatic
change of the net current when passing through the Lifshitz transition.
11/17
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3.4 Topological Property
The edge states of the materials with fully opened insulating or superconducting
gap are strongly related to the topological property of the bulk system. By means of
the two-dimensional bulk model, we investigate the topological property, where the
mean-field Hamiltonian reads
HMF =
∑
k
(c†
k↑, c−k↓)

 εk ∆k
∆∗
k
−εk



 ck↑
c†−k↓

 , (16)
where ckσ (c
†
kσ) is the annihilation (creation) operator for electrons on the momentum
k with spin σ (=↑ or ↓). εk is the one-particle energy dispersion written as εk =
−2t(cos kx + cos ky) − 4t′ cos kx cos ky − µ, and ∆k represents the gap function for the
spin-triplet sector defined as
∆k = 2iUa (∆
x sin kx +∆
y sin ky)
+ 2iVa
{
∆+ sin(kx + ky) + ∆
− sin(−kx + ky)
}
. (17)
While the gap functions are defined in eqs. (4)-(7), those in the two-dimensional bulk
system are independent of the leg index l because of the presence of the translational
invariance along the x and y directions. Note that the obtained gap functions correspond
to those at the center of the ribbon model .
The topological property with the fully gaped system is characterized the so-called
Chern number,29, 30) which is defined as
Nc =
1
4pi
∫
dkxdky dˆk ·
(
∂dˆk
∂kx
× ∂dˆk
∂ky
)
, (18)
where
dk = (Re∆k, Im∆k, εk), (19)
dˆk = dk/|dk|, |dk| =
√
|∆k|2 + ε2k. (20)
It is easily derived from the linear response theory for the single band model.31, 32)
The resulting Chern number is shown as a function of µ in Fig. 8. Note that Nc
deviates from integer at some values of µ where the Chern number ”jumps” between
different values. These fluctuations originate from the closing of the gap at these points,
making the Chern number ill-defined.
Nc for µ < µc depends on the amplitude of Va where Nc = 1(−3) for smaller (larger)
Va. With increasing Va, the Nc = −3 region concerning µ is enlarged. Since the chemical
12/17
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Fig. 8. The Chern number as a function of µ for the several choices of Va. The dashed line stands
for µ = µc(= 1.4t).
potential of tetragonal Sr2RuO4 is slightly lower than µ = µc, the topological property
of bulk Sr2RuO4 depends strongly on Va. On the other hand, we find Nc = −1 for
µ > µc, which shows that the critical value µc at the Lifshitz transition is independent
of the amplitude of Va. Note that in the larger-Va region, the topological property near
the Lifshitz transition depends not on Ua but on Va, which leads to the topological
number Nc = −3 (−1) for µ < µc (µ > µc) in the case of Ua → 0 and Va 6= 0.
The results concerning Chern number show that the topological properties change
at the Lifshitz transition, where also the superconducting gap vanishes at the van Hove
points. This feature is independent of the pairing interaction. Since the Fermi level of
tetragonal Sr2RuO4 is slightly below µc, the minimum of the superconducting gap of
Sr2RuO4 in the whole Brillouin Zone is very small, as depicted in Fig. 9. In particular,
the superconducting gap is rather small over a wide region around µ = µc for larger Va.
This result indicates that for larger Va, the gap is very small not only near the surface
but also in the depth of the material. At µ > µc, the next nearest neighbor interaction
does not affect the amplitude of the superconducting gap. However, since even near
the surface the chemical potential µ is almost equal to or slightly larger than µc, the
gap has also very small amplitude. The topological superconducting states are realized
at each layer in both surface and bulk regions, and the topological number near the
surface is different from that of the bulk system. However, the topological protection
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Fig. 9. (Color online) The minimum of the superconducting gap as a function of µ for the several
choices of Va. The dashed line represents the µ = µc.
is not robust and the presence of disorder such as impurity and defect may affect the
topological property (see also Ref.18).
4. Summary and discussion
We have investigated the topological and transport properties of the spin-triplet
chiral p-wave superconductor Sr2RuO4 with electronic reconstruction by doubling of
the unit cell near the surface.
The detailed energy band structures have been obtained using the first principles
calculation. With increasing the rotation angle which means to access the surface, the
Fermi surface originating from the γ band clearly shows the Lifshitz transition.
We also discuss the topological and transport properties with the lattice fermion
model extracting the γ band based on the DFT calculation. While the topological prop-
erty strongly depends on the rotation angle and the amplitude of the nearest neighbor
interaction in the bulk Sr2RuO4, the critical amplitude of the chemical potential at
the Lifshitz transition and the topological property near the surface are almost inde-
pendent of the presence of the nearest neighbor interaction where the edge current
changes monotonously around the Lifshitz transition. However, in the larger nearest
neighbor interaction region, the superconducting gap is strongly reduced not only near
the surface but also bulk system. The topological protection to the edge state is not
robust and disorder may affect seriously in the transport property. This suppresses the
edge current, which may be the one of the reason concerning the discrepancy between
theoretical and experimental studies concerning the detect of the edge current.
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